Abstract Recent results suggest that measurements of the average "predominant period," s p , of an earthquake using the first few seconds of P waves provide a rapid approximate estimate of magnitude that can be used for earthquake early warning systems. Although these prior studies demonstrate the empirical value of such an approach, we here examine the theoretical properties of the predominant period estimator. We show that this estimator is a nonlinear function of spectral amplitude and period that gives greater weight to higher amplitudes and higher frequencies in the spectrum. Our results also demonstrate that there are inherent errors in individual measurements using a time-dependent maximum value of the s p estimator derived from a recursion relation. Whereas some of the observed variability in predominant period estimates of magnitude likely is due to local site effects, our analyses suggest that the nonideal properties of the estimator may also add noise to the results. Given the potential importance for earthquake early warning systems, we suggest that more detailed analyses into the magnitude dependence of the spectral characteristics of initial P-wave data, such as using multitaper spectral or wavelet approaches, could be helpful in designing improved methods to further optimize performance.
Introduction
Rapid and accurate determination of earthquake parameters, such as hypocentral location and magnitude, is an important goal in the operation of seismic early warning systems (EWS) to provide timely and accurate information that is useful for seismic emergency response or evaluation of earthquake tsunamigenic potential. An earthquake generates both P and S waves. Because the smaller amplitude, and less damaging, direct P wave travels with faster velocity and preceeds the S wave, research has focused on whether an accurate earthquake magnitude can be rapidly estimated using data from only the first few seconds of the P wave at stations close to an earthquake. If accurate, such an measurement could provide an early warning about the potential strength of shaking that will be brought with the following S wave.
Specifically, several interesting studies on EWS have focused on the properties of the "predominant period," s p , of the direct P-wave arrival (Nakamura, 1988; Allen and Kanamori, 2003; Kanamori, 2005; Lockman and Allen, 2005; Olson and Allen, 2005; Wu and Kanamori, 2005a,b) . These studies have found that the average predominant period within the first few seconds tends to increase with magnitude, even for large earthquakes where the rupture is not complete within the estimation window of s p , which is typically 3-4 sec (Kanamori, 2005; Olson and Allen, 2005; Wu and Kanamori, 2005a) . Such results suggest that s p , measurements could be an important component for EWS and provide a rapid estimate of earthquake size. Olson and Allen (2005) suggest that the increase in s p for large-magnitude earthquakes has relevance for understanding the fundamental physics of earthquakes, because it implies that the rupture process of large earthquakes may be partially controlled by the initiation process. However, in contrast, Wu and Kanamori (2005a) and Kanamori (2005) find that the Sato and Hirasawa (1973) kinematic source model predicts an increase of s p (using the first 3 sec of the P wave) with magnitude for M w Յ 6.5 and suggest that the dataset of M w Ն 7 earthquakes is too sparse to assess conclusively whether the waveforms of larger earthquakes contain more long-period energy than the kinematic model. Understanding the reported s p observations thus is an important problem both for earthquake physics and seismichazard mitigation. Here, we do not focus on the characteristics of the data, but rather investigate the theoretical properties of the s p estimator itself, as implemented in these recent studies. Figure 1 . s p for a time series made up of two sinusoids with amplitudes a 1 and a 2 and periods T 1 and T 2 (T 1 Յ T 2 ). These examples show how s p is more sensitive to the period of the higher-frequency component, T 1 . (a) Curves of s p versus T 2 , given a fixed T 1 (for T 1 ‫ס‬ 0.5, 1.0, , or 2.0 sec) and equal am-1.3 plitudes (a 1 ‫ס‬ a 2 ). We plot results using equation (2) (solid line, taking e ‫ס‬ 0) as well as results calculated using equation (1) 
where the bar indicates an average over the interval. For discrete data sampled at constant interval Dt, it can be shown that the value of s p (t 1 , t 2 ) estimated in the time domain by equation (1) is equal to:
where the a j are the amplitudes of the spectrum on [t 1 , t 2 ], for example, for an even number of points, n:
Although s p was originally defined as the time-domain operation in equation (1), it is equivalent to the operation defined by equations (2) and (3) (see Fig. 1a for a numerical comparison of the two approaches). The term e is needed to correct for possible edge effects introduced by the implied periodicity in equation (3), since such periodicity is not included in s p estimates using equation (1): for example, the imposed periodicity in (3) (that x (t n‫1ם‬ ‫ס‬ x (t 1 )) would affect the estimation of at times t 1 and t n . Note that when x(t i ) dx/dt is a bounded function . In the following analyses lim e ‫ס‬ 0 Trϱ we consider cases where such edge effects can be ignored to use (2) (with e ‫ס‬ 0) to gain insight into how the s p estimator in (1) relates to the underlying amplitude spectrum of the data.
From the form of (2), it is apparent that s p is a nonlinear function of both a i and f i Because frequencies are weighted by , if the spectrum is very strongly peaked around a single 2 a i frequency, that frequency will dominate (2) and s p will indeed reflect the inverse value of that single, predominant frequency. However, because of the terms, s p also has 2 f i greater sensitivity to larger values of f i (higher frequencies). That is, for a spectrum that is white over some set of frequencies, with little energy at other frequencies, higher frequencies (shorter periods) in the signal are more greatly weighted in equation (2). To illustrate this property, Figure  1 , a and b, shows examples of values of s p (solid line from equation 2 and open circles from equation 1) for simple (but nonrealistic) signals made up of two equal amplitude sinusoids with periods T 1 and T 2 (T 1 Յ T 2 ). In Figure 1a , for each curve, the smaller period T 1 is fixed and the larger period T 2 is allowed to vary. Notice how s p is only weakly sensitive to value of the larger period T 2 . In Figure 1b , the larger period T 2 is fixed and the smaller period T 1 is allowed to vary. Notice how s p is strongly sensitive to the value of the smaller period T 1 . In Figure 1c , curves of s p are shown where T 1 and T 2 are fixed and the amplitude ratio of the two sinusoids (a 2 /a 1 ) is allowed to vary. As a 2 /a 1 increases, s p asymptotically approaches T 2 . However, the value of a 2 /a 1 beyond which T 2 fully predominates increases with increas- ing T 2 . The nonlinear behavior in (2) means that averaging s p over multiple seismic stations does not provide an estimate related to the average spectrum of an earthquake (see Prieto et al., 2004 , for an example of a valid approach for deriving such an earthquake average spectrum).
Because the corner frequency of earthquakes decreases with magnitude, theoretical calculations demonstrate that s p will increase with earthquake magnitude (c.f., Kanamori, 2005; Wu and Kanamori, 2005a) . For example, consider the following source spectra model for velocity (Abercrombie, 1995) :
1/c cn
where Q is the attenuation, f c is the corner frequency, and t p is the travel time of the P wave to the station. For this example, we set c ‫ס‬ 1, n ‫ס‬ 2. Figure 2a shows an s p versus f c calculated from equations (2) and (4), using t p ‫ס‬ 0 and frequencies between 0.25 and 3 Hz to correspond to a 4-sec long window and data low-passed filtered at 3 Hz (we limit this analysis to cases where the rupture duration is less than the window length). As expected, s p increases with decreasing corner frequency.
However, because of the increased sensitivity of s p to high frequencies, the s p estimator should also be affected by the greater attenuation of high frequencies with distance. We set Q ‫ס‬ 500 in equation (2) and f c ‫ס‬ 0.5 or 1.5, and plot s p versus travel time t p in Figure 2b . This example illustrates how attenuation will increase the value of s p with distance, although the theoretical magnitude of this effect is small, on the order of only a few percent, for the parameters considered here.
Properties of s P from Recursion Relations
Several studies (Nakamura, 1988; Allen and Kanamori, 2003; Lockman and Allen, 2005; Olson and Allen, 2005) have implemented a recursion relation to estimate s p as a function of time:
For 100 samples/sec data, ␣ is set to 0.99. Here, we show how these recursion relations have properties that may limit their ability to provide a robust, time-dependent estimate of s p . Figure 3 shows examples of running the recursion relations on pure sinusoids. Figure 3a shows two pure sinusoids, one with a 2-sec period and another with a 0.75-sec period. Figure 3b shows the estimate of s p (t) for each of the sinusoids using the recursion relations in equations (5)-(7). The estimates of s p (t) change with time despite that for a pure sinusoid, the predominant period is constant and not time dependent. We next consider the properties of the maximum of s p (t) (denoted as s p (t) max ), which is the estimator used by Olson and Allen (2005) . Figure 3c demonstrates how for pure sinusoids, s p (t) max is biased from the true value of s p , and that the magnitude of this bias increases with increasing period.
We also investigate the properties of a white spectrum. Based on the parameters of Olson and Allen (2005), we consider 100 samples/sec data, data that is low-pass filtered at 3 Hz, and a 4-sec fundamental period. Synthetic seismograms were generated from the sum of equal amplitude sinusoids (0.25-3 Hz) with random phase and s p (t) was calculated from the recursion relation applied to these periodic time series. Figure 4a shows an example of an input seismogram and Figure 4b shows the estimate of s p (t). Despite the fact that the true value of s p (t) over any 4-sec interval is 0.54, the estimates of s p (t) oscillate around this true value. seismograms with the same amplitude spectrum, but randomized so as to have differing phase spectrum. Despite the fact that the true value of s p (from equation 1) remains at 0.54 for all 10,000 seismograms, there is variability in s p (t) max , which oscillates around a mean value of 0.7, demonstrating how these recursion relations can add noise to the results. Numerical tests with nonwhite spectra suggest such noise will increase with increasing s p . Note also that the mean value of s p (t) max is greater than the value of s p derived from (1): for time-invariant spectrum, s p (t) max will yield greater values than s p , illustrating how the results from these two different estimators are not necessarily directly comparable.
Conclusions
Prior studies (Nakamura, 1988; Allen and Kanamori, 2003; Kanamori, 2005; Olson and Allen, 2005; Wu and Kanamori, 2005a) have demonstrated the empirical value of using the average predominant period of P waves as an early estimate of earthquake magnitude, indicating that the spectral characteristics change with magnitude, even for large earthquakes where the rupture is not complete within the estimation window. However, the observed relations between predominant period and magnitude are not exact: for example, Olson and Allen (2005) find that there is about ‫1ע‬ magnitude unit scatter in their s p max estimates of earthquake magnitude. Although local site effects likely contribute significantly to the variability in predominant period estimates of magnitude, our results suggest that the the nonideal properties of the estimator may be another limiting factor that adds noise to the results. For example, the estimator is a nonlinear function of spectral amplitude and frequency that gives greater weight to higher amplitudes and higher frequencies, and because of this nonlinear behavior, averaging the s p estimator over multiple seismic stations does not provide an estimate of the average frequency content of an earthquake. We also find that there are errors in individual measurements using a time-dependent maximum value (s p (t) max ) derived from a recursion relation, because this estimator is influenced both by the amplitude spectrum and the phase spectrum. Given the potential importance of using the initial P waves for earthquake early warning systems, we suggest that further, more detailed, analyses into the spectral characteristics, such as using multitaper spectral or wavelet approaches, would be helpful in designing improved methods to further optimize performance.
